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Abstract—We define a regularized shape distortion (quality)
measure for curved high-order 2D elements on a Riemannian
plane. To this end, we measure the deviation of a given 2D ele-
ment, straight-sided or curved, from the stretching and alignment
determined by a target metric. The defined distortion (quality) is
suitable to check the validity and the quality of straight-sided and
curved elements on Riemannian planes determined by constant
and point-wise varying metrics. The examples illustrate that the
distortion can be minimized to curve (deform) the elements of
a given high-order (linear) mesh and try to match with curved
(linear) elements the point-wise alignment and stretching of an
analytic target metric tensor.
I. EXTENDED ABSTRACT
A. Introduction
In the last decades, the utilization of unstructured meshes
composed by highly stretched elements and aligned with dom-
inant flow features, such as boundary layers and shock waves,
have shown to be very advantageous. When compared with
uniform refinement or with isotropic meshes with non-uniform
sizing, anisotropic meshes lead to a significant reduction on
the number of required degrees of freedom to obtain the same
approximation accuracy. This allows performing simulations
with a significantly reduced, and even unbeatable, computa-
tional cost.
The generation of anisotropic meshes requires to determine
the location, stretching and alignment of the elements. These
features can be prescribed manually with the help of the
user interface of a mesh generation environment. They can
also be prescribed imposing point-wise varying metric tensors
obtained in an automatic and iterative adaption procedure
based on error indicators or estimators. Then, an anisotropic
mesher can be used to match the resolution, stretching and
alignment determined by the target metric.
It is standard to use parallelotopes (quadrilaterals and
hexahedra) to manually prescribe the alignment and stretching
required to capture flow features such as boundary layers.
Whereas the flexibility of simplices (triangles and tetrahedra)
is the preferred one in automatic adaption iterations. Neverthe-
less, for both types of elements, the most mature anisotropic
mesh generation techniques lead to meshes featuring second
order elements such as multi-linear parallelotopes and linear
simplices.
The utilization of curved anisotropic meshes composed by
third order elements, such as multi-quadratic parallelotopes
and quadratic simplices, or piece-wise polynomial elements
of higher order has been mainly centered to curve, manually
prescribed, straight-sided boundary layer meshes [1]–[9]. It has
not been until recently that the first metric based approaches
have been explored to generate anisotropic meshes featuring
straight-sided very high-order three dimensional approxima-
tions, curved quadratic triangles, and r-adapted curved high-
order 2D elements. However, no specific efforts have been
conducted to check the validity and measure the quality of
curved high-order anisotropic meshes considering a prescribed
metric tensor.
Our main contribution is to define a regularized shape
distortion (quality) to measure the deviation of a given linear
or high-order 2D element from the stretching and alignment
determined by a target metric. The influence of the target
metric on the element quality has only been considered in
detail for linear elements and not for curved high-order ele-
ments. The defined distortion (quality) is suitable to check the
validity and the quality of straight-sided and curved elements
on Riemannian planes determined by constant and point-wise
varying metrics. Furthermore, we illustrate that the distortion
can be minimized to curve (deform) the elements of a given
high-order (linear) mesh and try to match with curved (lin-
ear) elements the point-wise alignment and stretching of an
analytic target metric tensor. Specifically, this approach can
be used to improve, by curving (deforming) the elements, the
alignment and stretching of a mesh obtained with a straight-
sided anisotropic mesher.
B. Examples
In this section, we present an example to illustrate the main
features of the proposed quality measure. It features an analytic
and point-wise varying smooth metric. We generate an initial
mesh and we measure its quality according to the new measure
for anisotropic elements. Next, we optimize the location of the
nodes to minimize the element distortion using the framework
presented in [5], [10].
The mesh resulting after the optimization is composed by
elements as aligned and stretched as possible to match the
target metric tensor. In both figures, the meshes are colored
according to the elemental quality.
As a proof of concept, a mesh optimizer has been de-
veloped in MATLAB using the Optimization Toolbox, the
PDE Toolbox and the Symbolic Math Toolbox. The MAT-
LAB prototyping code is sequential (one execution thread),
corresponds to the implementation of the method presented
in this work. The optimization is reduced to find a minimum
of a nonlinear unconstrained multi-variable function, where a
trust-region algorithm is used. The stopping condition is set to
reach a relative residual smaller than 10−8.
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Fig. 1. Triangular meshes of polynomial degree 4 colored by quality:
(a) initial straight-sided isotropic mesh, (b) optimized mesh from initial
configuration.
Consider the quadrilateral domain Ω := [0, 1]2 and the
metric M := ∇ϕT · ∇ϕ induced by the surface ϕ:
ϕ(x) := (x, y, z(x, y)), z(x, y) := tanh (f · h(x, y)),
where
h(x, y) = 10y − cos(2pix)− 5, (x, y) ∈ Ω, f = 5.
The metric is extracted from [11] and attains the highest level
of anisotropy at the curve described by the points (x, y) ∈ Ω
such that h(x, y) = 0. The anisotropy ratio of this metric is
1 :
√
1 + |∇z|2 and its maximum is approximately 1 : 60.
Note that the chosen ϕ surface is not related to a finite element
solution. It is a standard analytical test to check anisotropic
capabilities.
We illustrate this example for triangles in Figure 1. We
generate an initial isotropic straight-sided high-order mesh 1(a)
composed by 1905 nodes and 228 elements. The optimized
mesh is illustrated in Figure 1(b). We observe that the ele-
ments away from the anisotropic region are enlarged vertically
whereas the elements lying in the anisotropic region are
compressed. In the optimized mesh the minimum is improved
and the standard deviation of the element qualities is reduced
when compared with the initial configuration.
C. Conclusion
In this work, we have presented a new definition of
distortion (quality) measures for linear and high-order planar
anisotropic meshes equipped with a point-wise metric. The
proposed quality measures the alignment and stretching of the
elements according to the given metric. In addition, it is valid
for any interpolation degree and allow to detect the validity
of a high-order element equipped with a metric. To assess the
reliability of the technique, we have first analyzed the behavior
of the measure for linear triangles equipped with a constant
metric. The tests show that for a given metric the obtained
quality measure detects invalid and low-quality configurations
and, the alignments and stretching described by the metric.
The defined distortion measure is applied to curve linear
meshes to improve the node configuration according to the
desired metric. The numerical example show an optimized
mesh with an improved alignment and stretching according
to the metric. This improvement leads to an increase of
the minimum elemental mesh quality and a reduction of the
standard deviation between the different element qualities.
Our long term goal is to extend the quality measure for 3D
anisotropic meshes. In addition, the quality measure developed
in this work is devised to quantify the alignment and the
stretching of the mesh according to the target metric. Thus,
we would like to extend the proposed measure to also quantify
the mesh sizing.
II. ACKNOWLEDGMENT
This project has received funding from the European Re-
search Council (ERC) under the European Union’s Horizon
2020 research and innovation programme under grant agree-
ment No 715546. This work has also received funding from
the Generalitat de Catalunya under grant number 2017 SGR
1731. The work of X. Roca has been partially supported by
the Spanish Ministerio de Economı´a y Competitividad under
the personal grant agreement RYC-2015-01633.
REFERENCES
[1] O. Sahni, X. Luo, K. Jansen, and M. Shephard, “Curved boundary layer
meshing for adaptive viscous flow simulations,” Finite Elem. Anal. Des.,
vol. 46, no. 1, pp. 132–139, 2010.
[2] P.-O. Persson and J. Peraire, “Curved mesh generation and mesh
refinement using lagrangian solid mechanics,” in Proc. 47th AIAA, 2009.
[3] T. Toulorge, C. Geuzaine, J.-F. i. Remacle, and J. Lambrechts, “Robust
untangling of curvilinear meshes,” Journal of Computational Physics,
vol. 254, pp. 8–26, 2013.
[4] A. Gargallo-Peiro´, X. Roca, J. Peraire, and J. Sarrate, “Inserting
curved boundary layers for viscous flow simulation with high-order
tetrahedra,” in Research Notes, 22nd Int. Meshing Roundtable. Springer
International Publishing, 2013.
[5] ——, “Optimization of a regularized distortion measure to generate
curved high-order unstructured tetrahedral meshes,” Int. J. Numer. Meth.
Eng., vol. 103, pp. 342–363, 2015.
[6] D. Moxey, M. Green, S. Sherwin, and J. Peiro´, “An isoparametric
approach to high-order curvilinear boundary-layer meshing,” Computer
Methods in Applied Mechanics and Engineering, vol. 283, pp. 636–650,
2015.
[7] M. Fortunato and P.-O. Persson, “High-order unstructured curved mesh
generation using the winslow equations,” Journal of Computational
Physics, vol. 307, pp. 1–14, 2016.
[8] A. Gargallo-Peiro´, G. Houzeaux, and X. Roca, “Subdividing triangular
and quadrilateral meshes in parallel to approximate curved geometries,”
Procedia Engineering, vol. 203, pp. 310–322, 2017.
[9] D. Moxey, D. Ekelschot, U. Keskin, S. J. Sherwin, and J. Peiro´, “High-
order curvilinear meshing using a thermo-elastic analogy,” Computer-
Aided Design, vol. 72, pp. 130–139, 2016.
[10] A. Gargallo-Peiro´, “Validation and generation of curved meshes
for high-order unstructured methods,” Ph.D. dissertation, Universitat
Polite`cnica de Catalunya, 2014.
[11] P. C. Caplan, R. Haimes, D. L. Darmofal, and M. C. Galbraith,
“Anisotropic geometry-conforming d-simplicial meshing via isometric
embeddings,” Procedia Engineering, vol. 203, pp. 141–153, 2017, 26th
International Meshing Roundtable.
Guillermo Aparicio-Estrems received his BSc de-
gree in Mathematics from Universitat Polite`cnica
de Catalunya (UPC), Spain in 2016. The following
year, he completed his MSc degree in Applied Math-
ematics from Universitat Polite`cnica de Catalunya
(UPC), Spain in 2017. Since 2017, he has been with
the Geometry and Meshing for simulations group
of Barcelona Supercomputing Center (BSC) as a
PhD student of Universitat Polite`cnica de Catalunya
(UPC), Spain.
6th BSC Severo Ochoa Doctoral Symposium
31
